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Abstract
In this paper, subquadrangles of order s of generalized quadrangles (GQ) of order ðs; s2Þ;
with s odd, are investigated. The even case was considered in Part I. In the case where O is an
egg good at an element p and the translation generalized quadrangle S ¼ TðOÞ has order
ðs; s2Þ; with s odd, we prove that if S0 is a subquadrangle of order s of S; then S0 is the
classical GQ Qð4; sÞ and either S is the classical GQ Qð5; sÞ or S0 is one of the s3 þ s2
subquadrangles of order s containing the line p of S: Further, some characterizations of
particular eggs are obtained. Finally, it is shown that ifS is a ﬂock GQ of order ðs2; sÞ; s odd,
with base point ðNÞ andS0 is a subquadrangle of order s ofS containing the point ðNÞ; then
S is a Kantor semiﬁeld ﬂock GQ, S0 is isomorphic to the classical GQ WðsÞ and either S is
isomorphic to the classical GQ Hð3; s2Þ or S0 is one of the s3 þ s2 subquadrangles of order s
containing the point ðNÞ: As an application there is a characterization of the Kantor semiﬁeld
ﬂock GQ in terms of the net deﬁned by the regular point ðNÞ of the ﬂock GQ.
r 2004 Elsevier Inc. All rights reserved.
1. Introduction and deﬁnitions
In this paper, we investigate subquadrangles of order s of generalized quadrangles
(GQ) of order ðs; s2Þ; with s odd. In the case where O is an egg good at an element
PGðn  1; qÞ and the translation generalized quadrangleS ¼ TðOÞ has order ðs; s2Þ;
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with s ¼ qn and s odd, we prove that if S0 is a subquadrangle of order s of S; then
S0 is the classical GQ Qð4; sÞ and eitherS is the classical GQ Qð5; sÞ orS0 is one of
the s3 þ s2 subquadrangles of order s containing the line PGðn  1; qÞ of S: We also
obtain a strong result on the number of elements of the good egg O contained in a
PGð3n  1; qÞ; in particular a characterization of the Kantor eggs arises. Further it is
shown that if S is a ﬂock GQ of order ðs2; sÞ; s odd, with base point ðNÞ and if S0
is a subquadrangle of order s of S containing the point ðNÞ; then S is a Kantor
semiﬁeld ﬂock GQ S0 is isomorphic to the classical GQ WðsÞ and either S is
isomorphic to the classical GQ Hð3; s2Þ orS0 is one of the s3 þ s2 subquadrangles of
order s containing the point ðNÞ: Finally, there is a characterization of the Kantor
semiﬁeld ﬂock GQ of order ðs2; sÞ; s odd, in terms of the net deﬁned by the regular
point ðNÞ of the ﬂock GQ S:
Note that for convenience we will sometimes switch between subquadrangles of
order s of generalized quadrangles of order ðs; s2Þ and the dual situation.
We begin with some deﬁnitions and fundamental results.
A (ﬁnite) generalized quadrangle (GQ) (see [13] for a comprehensive
introduction) is an incidence structure S ¼ ðP; B; IÞ in which P and B are disjoint
(non-empty) sets of objects called points and lines, respectively, and for which
IDðP  BÞ,ðB  PÞ is a symmetric point–line incidence relation satisfying the
following axioms:
(i) each point is incident with 1þ t lines ðtX1Þ and two distinct points are incident
with at most one line,
(ii) each line is incident with 1þ s points ðsX1Þ and two distinct lines are incident
with at most one point,
(iii) if x is a point and L is a line not incident with x; then there is a unique pair
ðy; MÞAP  B for which x I M I y I L:
The integers s and t are the parameters of the GQ andS is said to have order ðs; tÞ:
If s ¼ t; then S is said to have order s: If S has order ðs; tÞ; then it follows that
jPj ¼ ðs þ 1Þðst þ 1Þ and jBj ¼ ðt þ 1Þðst þ 1Þ [13, 1.2.1]. A subquadrangle S0 ¼
ðP0; B0; I0Þ of S is a GQ such that P0DP; B0DB and I 0 is the restriction of I to
ðP0  B0Þ,ðB0  P0Þ: If S ¼ ðP; B; IÞ is a GQ of order ðs; tÞ; then the incidence
structure S	 ¼ ðB; P; IÞ of order ðt; sÞ is called the (point–line) dual of S:
As there is a point–line duality for GQ of order ðs; tÞ; we assume without further
notice that the dual of a given theorem or deﬁnition has also been given.
Given two (not necessarily distinct) points x; x0 ofS; we write xBx0 and say that x
and x0 are collinear, provided that there is some line L for which x I L I x0: Dually, for
L; L0AB; we write LBL0 if L and L0 are concurrent. For xAP we deﬁne x> ¼
fx0AP : xBx0g; while for ACP we deﬁne A> ¼ Tfx> : xAAg and A>> ¼ fxAP :
xBy> for all yAA>g:
If xBx0; xax0; or if xfx0 and jfx; x0g>>j ¼ t þ 1; where x; x0AP; we say
the pair fx; x0g is regular. The point x is regular provided fx; x0g is regular for all
x0AP; x0ax:
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A triad of S is a set consisting of three pairwise non-collinear points. Let S ¼
ðP; B; IÞ be a GQ of order ðs; s2Þ; sa1: If fx; x0; x00g is a triad ofS; then we say that
fx; x0; x00g is 3-regular provided jfx; x0; x00g>>j ¼ s þ 1: The point x is 3-regular
provided each triad containing x is 3-regular. Let x1; y1 be distinct collinear points of
S: We say that the pair fx1; y1g has Property ðGÞ; or that S has Property ðGÞ at
fx1; y1g; if every triad fx1; x2; x3g; with y1Afx1; x2; x3g>; is 3-regular. The GQ S
has Property ðGÞ at the line L; or the line L has Property ðGÞ; if each pair of points
fx; yg; xay and x I L I y; has Property ðGÞ: If ðx; LÞ is a ﬂag, then we say thatS has
Property ðGÞ at ðx; LÞ; or that ðx; LÞ has Property ðGÞ; if every pair fx; yg; xay and
y I L; has Property ðGÞ:
Returning to regularity in GQs, we make the following deﬁnition (the connection
of which to regularity in GQs will become clear via the theorem following the
deﬁnition).
A (ﬁnite) net of order k ðX2Þ and degree r ðX2Þ is an incidence structure N ¼
ðP; B; IÞ satisfying
(i) each point is incident with r lines and two distinct points are incident with at
most one line,
(ii) each line is incident with k points and two distinct lines are incident with at
most one point,
(iii) if x is a point and L is a line not incident with x; then there is a unique line M
incident with x and not concurrent with L:
For a net of order k and degree r we have jPj ¼ k2 and jBj ¼ kr: The following result
links nets to GQs with a regular point.
Theorem 1.1 (Payne and Thas [13, 1.3.1]). Let x be a regular point of the GQ S ¼
ðP; B; IÞ of order ðs; tÞ; sX2: Then the incidence structure with pointset x>\fxg; with
lineset the set of elements fy; zg>>; where y; zAx>\fxg; yfz; and with the natural
incidence, is the dual of a net of order s and degree t þ 1: If in particular s ¼ t41; there
arises a dual affine plane of order s: Also, in the case s ¼ t41 the incidence structure px
with pointset x>; with lineset the set of elements fy; zg>>; where y; zAx>; yaz; and
with the natural incidence, is a projective plane of order s:
2. Translation and ﬂock generalized quadrangles
Let S ¼ ðP; B; IÞ be a GQ of order ðs; tÞ; sa1; ta1: A collineation y of S is an
elation about the point p if y ¼ id or if y ﬁxes all lines incident with p and ﬁxes no
point of P\ p>: If there is a group G of elations about p acting regularly on P\ p>;
then we say that S is an elation generalized quadrangle (EGQ) with elation group G
and base point p: Brieﬂy, we say that ðSðpÞ; GÞ or SðpÞ is an EGQ. If the group G is
abelian, then we say that the EGQ ðSðpÞ; GÞ is a translation generalized quadrangle
with translation group G: For any TGQSðpÞ the point p is coregular, that is, each line
incident with p is regular.
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In PGð2n þ m  1; qÞ consider a set Oðn; m; qÞ of qm þ 1 ðn  1Þ-dimensional
subspaces PGð0Þðn  1; qÞ; PGð1Þðn  1; qÞ;y;PGðqmÞðn  1; qÞ; every three of which
generate a PGð3n  1; qÞ and such that each element PGðiÞðn  1; qÞ of Oðn; m; qÞ is
contained in a PGðiÞðn þ m  1; qÞ having no point in common with any PGðjÞðn 
1; qÞ for jai: It is easy to check that PGðiÞðn þ m  1; qÞ is uniquely determined,
i ¼ 0; 1;y; qm: The space PGðiÞðn þ m  1; qÞ is called the tangent space of Oðn; m; qÞ
at PGðiÞðn  1; qÞ: For n ¼ m ¼ 1 such a set Oð1; 1; qÞ is an oval in PGð2; qÞ and more
generally for n ¼ m such a set Oðn; n; qÞ is called a pseudo-oval of PGð3n  1; qÞ: For
m ¼ 2n ¼ 2 such a set Oð1; 2; qÞ is an ovoid of PGð3; qÞ and more generally for man
such a set Oðn; m; qÞ is called a pseudo-ovoid or an egg. A pseudo-oval Oðn; n; qÞ in
PGð3n  1; qÞ is called classical if in the extension PGð3n  1; qnÞ of PGð3n  1; qÞ
there exists a PGð2; qnÞ which has a point in common with each element of Oðn; n; qÞ
and these common points form a conic in PGð2; qnÞ: A similar deﬁnition is given for
a classical egg Oðn; 2n; qÞ of PGð4n  1; qÞ: For more details we refer to Thas [21].
Now embed PGð2n þ m  1; qÞ in a PGð2n þ m; qÞ; and construct a point–line
geometry Tðn; m; qÞ as follows.
Points are of three types:
(i) the points of PGð2n þ m; qÞ\PGð2n þ m  1; qÞ; called the affine points,
(ii) the ðn þ mÞ-dimensional subspaces of PGð2n þ m; qÞ which intersect PGð2n þ
m  1; qÞ in one of the PGðiÞðn þ m  1; qÞ;
(iii) the symbol ðNÞ:
Lines are of two types:
(a) the n-dimensional subspaces of PGð2n þ m; qÞ which intersect PGð2n þ m 
1; qÞ in a PGðiÞðn  1; qÞ:
(b) the elements of Oðn; m; qÞ:
Incidence in Tðn; m; qÞ is deﬁned as follows. A point of type (i) is incident only
with lines of type (a); here the incidence is that of PGð2n þ m; qÞ: A point of type (ii)
is incident with all lines of type (a) contained in it and with the unique element of
Oðn; m; qÞ contained in it. The point ðNÞ is incident with no line of type (a) and with
all lines of type (b).
Theorem 2.1 (Payne and Thas [13, 8.7.1]). The incidence geometry Tðn; m; qÞ is a
TGQ of order ðqn; qmÞ with base point ðNÞ: Conversely, every TGQ is isomorphic to a
Tðn; m; qÞ: It follows that the theory of TGQ is equivalent to the theory of the sets
Oðn; m; qÞ:
In the case where n ¼ m ¼ 1 and Oð1; 1; qÞ is the oval O; the GQ Tð1; 1; qÞ is the
Tits GQ T2ðOÞ; in the case where m ¼ 2n ¼ 2 and Oð1; 2; qÞ is the ovoid O; the GQ
Tð1; 2; qÞ is the Tits GQ T3ðOÞ:
Let either n ¼ m with q odd or nam: Then by 8.6 and 8.7 of Payne and Thas [13]
the qm þ 1 tangent spaces of an Oðn; m; qÞ ¼ O form an O	 ¼ O	ðn; m; qÞ in the dual
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space of PGð2n þ m  1; qÞ: So in addition to Tðn; m; qÞ ¼ TðOÞ there arises a TGQ
TðO	Þ with the same parameters. The TGQ TðO	Þ is called the translation dual of the
TGQ TðOÞ and O	 is called the dual of O: Examples are known for which
TðOÞDTðO	Þ; and examples are known for which TðOÞD/ TðO	Þ; see [16].
Let K be a quadratic cone with vertex x in PGð3; qÞ: A partition F of K\fxg into q
disjoint conics is called a flock of K : Then with F there corresponds a GQ SðFÞ of
order ðq2; qÞ; see [15,17]. The GQSðFÞ is the classical GQ Hð3; q2Þ if and only if the
ﬂock F is linear, that is, if and only if all planes of the conics of the ﬂock contain a
common line. The GQ SðFÞ is an EGQ with base point ðNÞ: By Payne and Thas
[14] the base point ðNÞ is uniquely determined if SðFÞ is not classical. In [11] it is
shown thatS satisﬁes Property ðGÞ at its point ðNÞ: Very important is the following
converse.
Theorem 2.2 (Thas [20]). IfS ¼ ðP; B; IÞ is a GQ of order ðs; s2Þ; with s odd and sa1;
which satisfies Property ðGÞ at the flag ðx; LÞ; then S is the point–line dual of a flock
GQ:
For s even there also exists a characterization, in terms of Property (G), of the
point–line dual of a ﬂock GQ, but here an extra condition was added; see [20].
Let F ¼ fC1; C2;y; Cqg be a ﬂock of the quadratic cone K with vertex x of
PGð3; qÞ; with q odd. The plane of Ci is denoted by pi; i ¼ 1; 2;y; q: Let K be
embedded in the non-singular quadric Q of PGð4; qÞ: Let the polar line of pi
with respect to Q be denoted by Li and let Li-Q ¼ fx; xig; i ¼ 1; 2;y; q:
If Hi is the tangent hyperplane of Q at xi; then put Hi-Q ¼ Ki; Hi-Hj-Q ¼
Ki-Hj ¼ Cij and Cii ¼ Ci; i; j ¼ 1; 2;y; q and iaj: By Bader et al. [1]
Fi ¼ fCi1; Ci2;y; Ciqg is a ﬂock of Ki; i ¼ 1; 2;y; q: We say that the
ﬂocks F1; F2;y; Fq are derived from the given ﬂock F : By Payne and Rogers [12]
the GQs SðFÞ;SðF1Þ;y;SðFqÞ are isomorphic. The set fx; x1;y; xqg is called a
BLT-set of the classical GQ Qð4; qÞ: Dualizing we obtain a set fL; L1;y; Lqg
consisting of q þ 1 lines of the GQ WðqÞ; such a set is called a BLT-set of WðqÞ: A
BLT-setW of WðqÞ has the property that any line of WðqÞ is concurrent with either
0 or 2 elements of W:
3. Good eggs
Let Oðn; 2n; qÞ be an egg of PGð4n  1; qÞ: We say that Oðn; 2n; qÞ is good at the
element PGðiÞðn  1; qÞ of Oðn; 2n; qÞ if any PGð3n  1; qÞ containing PGðiÞðn  1; qÞ
and at least two other elements of Oðn; 2n; qÞ; contains exactly qn þ 1 elements of
Oðn; 2n; qÞ: In such a case the corresponding TGQ Tðn; 2n; qÞ contains at least q3n þ
q2n subquadrangles of order qn; for q odd these q3n þ q2n subquadrangles are
isomorphic to the classical GQ Qð4; qnÞ (see [16]). The GQ Tðn; 2n; qÞ is isomorphic
to a GQ of Tits of order ðqn; q2nÞ if and only if the corresponding egg Oðn; 2n; qÞ is
good at each of its elements (see [13, 8.7.4(iii)]).
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Theorem 3.1 (Thas [16]). A TGQ Tðn; 2n; qÞ ¼ TðOÞ satisfies Property ðGÞ at
fðNÞ; %zg; with %z a point of type ðiiÞ incident with the line z of type ðbÞ (or, equivalently,
at the flag ððNÞ; zÞÞ if and only if the dual O	 of O is good at the tangent space t
of O at z:
Let S ¼ ðP; B; IÞ be a non-classical ﬂock GQ of order ðs2; sÞ; whose point–line
dual S	 is a TGQ with base point ðNÞ: As the base point of S is uniquely deﬁned
(see Section 2) it is ﬁxed by the automorphism group ofS; so it is a line of type (b) of
S	; that is, it is an element z of the egg O corresponding with S	: As S satisﬁes
Property ðGÞ at its base point (see Section 2), the dual egg O	 of O is good at the
tangent space t of O at z:
Finally, we shall mention a strong classiﬁcation theorem of good eggs Oðn; 2n; qÞ; q
odd, which will be used in the next section. But ﬁrst we have to deﬁne a Kantor
semifield flock.
Let K be the quadratic cone with equation X0X1 ¼ X 22 of PGð3; qÞ; q odd. Then
the q planes pt with equation tX0  mtsX1 þ X3 ¼ 0; tAGFðqÞ; m a given non-
square of GFðqÞ; and s a given automorphism of GFðqÞ; deﬁne a ﬂock F of K ; see
[15]. The corresponding GQ SðFÞ were ﬁrst discovered by Kantor [7], and so these
ﬂocks F will be called Kantor semiﬁeld ﬂocks. The point–line dual of any such GQ
SðFÞ is a TGQ TðOÞ of order ðq; q2Þ: In [11] it is proved that TðOÞDTðO	Þ: In such
a case the egg O (respectively, O	) will be called a Kantor egg. A Kantor semiﬁeld
ﬂock GQ SðFÞ is classical if and only if s ¼ 1:
By Theorem 2.2 the Main Theorem 6.9 in [18] reads as follows.
Theorem 3.2 (Thas [18]). Consider a TGQ Tðn; 2n; qÞ ¼ TðOÞ; q odd, with O ¼
Oðn; 2n; qÞ ¼ fPGðn  1; qÞ;PGð1Þðn  1; qÞ;y;PGðq2nÞðn  1; qÞg: If O is good at
PGðn  1; qÞ; then we have one of the following.
(a) There exists a PGð3; qnÞ in the extension PGð4n  1; qnÞ of the space PGð4n 
1; qÞ of Oðn; 2n; qÞ which has exactly one point in common with each of the spaces
PGðn  1; qnÞ; PGð1Þðn  1; qnÞ;y;PGðq2nÞðn  1; qnÞ: The set of these q2n þ 1
points is an elliptic quadric of PGð3; qnÞ and TðOÞ is isomorphic to the classical
GQ Qð5; qnÞ:
(b) We are not in Case ðaÞ and there exists a PGð4; qnÞ in PGð4n  1; qnÞ which
intersects PGðn  1; qnÞ in a line M and which has exactly one point ri in common
with any space PGðiÞðn  1; qnÞ; i ¼ 1; 2;y; q2n: Let W ¼ fri : i ¼ 1; 2;y; q2ng
and let M be the set of all common points of M and the conics which contain
exactly qn points of W: Then the set W,M is the projection of a quadric
Veronesean V42 from a point p in a conic plane of V
4
2 onto a hyperplane PGð4; qnÞ;
the point p is an exterior point of the conic of V42 in the conic plane. Also, the
point–line dual of TðOÞ is isomorphic to the flock GQ SðFÞ with F a non-linear
Kantor semifield flock.
(c) We are not in Cases ðaÞ and ðbÞ and there exists a PGð5; qnÞ in PGð4n  1; qnÞ
which intersects PGðn  1; qnÞ in a plane m and which has exactly one point ri in
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common with any space PGðiÞðn  1; qnÞ; i ¼ 1; 2;y; q2n: Let W ¼ fri : i ¼
1; 2;y; q2ng and let P be the set of all common points of m and the conics which
contain exactly qn points of W: Then the set W,P is a quadric Veronesean in
PGð5; qnÞ:
Remark. A good reference for quadric Veroneseans is Chapter 25 of Hirschfeld and
Thas [5]
4. Subquadrangles of order s of the TGQ TðOÞ of order ðs; s2Þ; s odd and sa1; with O
good at some element
Theorem 4.1. Let S ¼ ðP; B; IÞ be a TGQ of order ðs; s2Þ; s odd and sa1; with S ¼
TðOÞ and O good at some element PGðn  1; qÞ; s ¼ qn: If S0 is a subquadrangle
of order s of S containing the point ðNÞ; then S0DQð4; sÞ and either SDQð5; sÞ
or S0 is one of the s3 þ s2 (classical) subquadrangles of order s containing the line
PGðn  1; qÞ of S:
Proof. By Theorem 4.3.4 of Thas [16] the GQ contains at least s3 þ s2
subquadrangles of order s containing the line PGðn  1; qÞ of S; each of these
subquadrangles is isomorphic to the classical GQ Qð4; sÞ: Hence, by Lemma 2.4 of
Brown and Thas [2], the given TGQ S contains exactly s3 þ s2 subquadrangles of
order s containing the line PGðn  1; qÞ of S:
Assume S admits a subquadrangle S0 ¼ ðP0; B0; I0Þ of order s; containing the
point ðNÞ but not containing the line PGðn  1; qÞ: Let L0; L1;y; Ls be the s þ 1
lines ofS through ðNÞ and contained inS0; say Li ¼ PGðiÞðn  1; qÞ; i ¼ 0; 1;y; s:
If PGðn; qÞ ¼ M is a line of S0 concurrent with L0 and not containing ðNÞ; then
/PGðn; qÞ; PGðiÞðn  1; qÞS\PGð4n  1; qÞ; with PGð4n  1; qÞ ¼ /OS and
iAf1; 2;y; sg; is a 2n-dimensional afﬁne space AGðiÞð2n; qÞ consisting entirely of
points ofS0: In this way there arise the s3  s2 points ofS0 not collinear with ðNÞ or
with L0-M; together with the s points of M not on L0: Remark that the points of
AGðiÞð2n; qÞ; iAf1; 2;y; sg; are the points not collinear with ðNÞ of a grid SðiÞ:
Now let N ¼ PG0ðn; qÞ be a line of S0 concurrent with L1; not concurrent with M
and not containing ðNÞ: As N contains a point of the grid SðiÞ; the space PG0ðn; qÞ
has a point in common with the space AGðiÞð2n; qÞ; i ¼ 2; 3;y; s: Letting
vary PG0ðn; qÞ; we see that the s  1 afﬁne spaces AGðiÞð2n; qÞ; i ¼ 2; 3;y; s; are
contained in /PGð1Þðn  1; qÞ; AGð2Þð2n; qÞS ¼ PGð3n; qÞ: Clearly also AGð1Þð2n; qÞ
is contained in PGð3n; qÞ: It easily follows that the points of S0 not collinear with
ðNÞ are the points of the afﬁne space AGð3n; qÞ ¼ PGð3n; qÞ\PGð4n  1; qÞ; that
PGð0Þðn  1; qÞ; PGð1Þðn  1; qÞ;y;PGðsÞðn  1; qÞ are contained in a common
PGð3n  1; qÞ; and that S0DTðO0Þ with O0 ¼ fPGð0Þðn  1; qÞ;PGð1Þðn 
1; qÞ;y;PGðsÞðn  1; qÞg:
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Let O	 be the dual egg of O; and let TðO	Þ be the translation dual of TðOÞ: The
tangent space of O at PGðn  1; qÞ will be denoted by t; t is an element of O	: With
PGð3n  1; qÞ there corresponds a space PG	ðn  1; qÞ in PG	ð4n  1; qÞ ¼ /O	S:
The space PG	ðn  1; qÞ is contained in qn þ 1 tangent spaces of O	 at elements
of O	\ftg:
As O is good at PGðn  1; qÞ; by Theorem 3.1 the TGQ TðO	Þ satisﬁes
Property (G) at the ﬂag ððNÞ; tÞ: Let z1; z2 be points of TðO	Þ not collinear
with ðNÞ; such that the line z1z2 of PG	ð4n; qÞ; with PG	ð4n; qÞ the space contain-
ing TðO	Þ; intersects PG	ðn  1; qÞ: Then jfz1; z2; ðNÞg>>j ¼ j/z1; z2;PG	ðn 
1; qÞS\ PG	ð4n  1; qÞj þ 1 ¼ s þ 1 in TðO	Þ; and fz1; z2; ðNÞg> does not contain
a point incident with t: By Theorem 3.1 of Brown and Thas [2] we now have
TðO	ÞDQð5; sÞ; and so TðOÞ ¼ SDQð5; sÞ: &
An alternative, but also short and elegant proof of the previous theorem
can be given relying on the relationship between TGQ TðOÞ of order ðs; s2Þ; s odd
and sa1; where O is good at some element, and the quadric Veronesean V42 in
PGð5; sÞ; see Theorem 3.2. In fact, the following theorem contains a much stronger
result on eggs.
Theorem 4.2. Let O ¼ fPGðn  1; qÞ;PGð1Þðn  1; qÞ;y;PGðq2nÞðn  1; qÞg; with q
odd, be an egg in PGð4n  1; qÞ which is good at PGðn  1; qÞ: If there is a subspace
PGð3n  1; qÞ of PGð4n  1; qÞ which contains at least four elements of O; but
which does not contain PGðn  1; qÞ; then O is a Kantor egg. If there is a subspace
PGð3n  1; qÞ which contains at least five elements of O; but which does not contain
PGðn  1; qÞ; then O is classical.
Proof. Assume that the subspace PGð3n  1; qÞ of PGð4n  1; qÞ contains at least
four elements of O; say PGðiÞðn  1; qÞ; i ¼ 1; 2; 3; 4; but does not contain PGðn 
1; qÞ: Now we rely on Theorem 3.2. We will use here the same notation. Assume that
O is not a Kantor egg. Let W-PGðiÞðn  1; qÞ ¼ frig; i ¼ 1; 2; 3; 4: We show that
r1; r2; r3; r4 are not coplanar. Assume that these four points are contained in the plane
PGð2; qnÞ: Then PGð2; qnÞ-V42; with V42 the quadric VeroneseanW,P; is a conic
C which has a point r in common with the conic P: It follows that PGðn  1; qÞ is a
subspace of PGð3n  1; qÞ; a contradiction. Hence the points r1; r2; r3; r4 generate a
PGð3; qnÞ: The space PGð3; qnÞ contains a point m of the plane m: The subspace
generated by m and its conjugates belongs to the subspace generated by PGð3; qnÞ
and its conjugates, and so PGðn  1; qÞ has a non-empty intersection with PGð3n 
1; qÞ: It follows that /PGðn  1; qÞ;PGð1Þðn  1; qÞ;PGð2Þðn  1; qÞSTPGðiÞðn 
1; qÞaf; with i ¼ 3; 4: As O is good at PGðn  1; qÞ; the ð3n  1Þ-dimensional space
p generated by PGðn  1; qÞ;PGð1Þðn  1; qÞ;PGð2Þðn  1; qÞ contains exactly qn þ 1
elements of O: If PGðiÞðn  1; qÞ; iAf3; 4g; does not belong to p; then any
hyperplane containing p and PGðiÞðn  1; qÞ contains at least qn þ 2 elements of O;
contradicting 8.7.2(v) of Payne and Thas [13]. Hence PGðiÞðn  1; qÞ is a subspace of
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p; i ¼ 3; 4: Consequently p ¼ PGð3n  1; qÞ contains PGðn  1; qÞ; a contradiction.
Hence O is a Kantor egg.
Next, assume that the subspace PGð3n  1; qÞ of PGð4n  1; qÞ contains at least
ﬁve elements of O; say PGðiÞðn  1; qÞ; i ¼ 1; 2; 3; 4; 5; but does not contain PGðn 
1; qÞ: We rely again on Theorem 3.2. Assume, by way of contradiction, that O is not
classical. Then, by the ﬁrst part of the proof, O is a non-classical Kantor egg. Let
W-PGðiÞðn  1; qÞ ¼ frig; i ¼ 1; 2; 3; 4; 5: Clearly /r1; r2;y; r5SaPGð4; qnÞ; as
otherwise O is contained in PGð3n  1; qÞ: Now suppose that /r1; r2;y; r5S ¼
PGð3; qnÞ: Then, with the notations of Theorem 3.2, M-PGð3; qnÞaf; and as in the
previous section we ﬁnd that PGðn  1; qÞCPGð3n  1; qÞ; a contradiction.
Consequently r1; r2;y; r5 are contained in a common plane PGð2; qnÞ: Clearly
PGð2; qnÞ-M ¼ f; as otherwise PGðn  1; qÞCPGð3n  1; qÞ: The setW,M is the
projection of a quadric VeroneseanV42 from a point p in a conic plane g ofV
4
2 onto
a hyperplane PGð4; qnÞ; the point p is an exterior point of the conic C ofV42 in g: Let
ri be the projection of the point r
0
iAV
4
2; i ¼ 1; 2;y; 5: If /r01; r02;y; r05S ¼
PG0ð2; qnÞ; then r01; r02;y; r05 are contained in a common conic of V42; hence
C-PG0ð2; qnÞaf; and so PGð2; qnÞ-Maf; a contradiction. Consequently
/r01; r
0
2;y; r
0
5S ¼ PG0ð3; qnÞ; with pAPG0ð3; qnÞ: Clearly PG0ð3; qnÞ-g ¼ fpg; as
otherwise PGð2; qnÞ-Ma|: As PGðn  1; qÞgPGð3n  1; qÞ; no three points of
fr01; r02;y; r05g are contained in a conic plane of V42: Let z be the bijection of
PGð2; qnÞ ontoV42 which maps the lines of PGð2; qnÞ onto the conics ofV42: Further,
let Cz
1 ¼ L; ðr0iÞz
1 ¼ pi; i ¼ 1; 2y; 5: Then no three points of fp1; p2;y; p5g are
collinear. So p1; p2;y; p5 belong to just one conic C0 of PGð2; qnÞ: It follows that
r01; r
0
2;y; r
0
5 generate a hyperplane of PGð5; qnÞ*V42; see Section 25.1 of Hirschfeld
and Thas [5]. So we have a contradiction, and conclude that O is classical. &
Remarks. (a) If O is a non-classical Kantor egg of PGð4n  1; qÞ; q odd, then from
Thas [18] it easily follows that there exist ð3n  1Þ-dimensional spaces in PGð4n 
1; qÞ which contain exactly four elements of O:
(b) Independently and in a completely different way, Lavrauw [9] also proved the
second part of Theorem 4.2.
Alternative proof of Theorem 4.1. As in the proof of Theorem 4.1 we show
that PGð0Þðn  1; qÞ;PGð1Þðn  1; qÞ;y;PGðsÞðn  1; qÞ are contained in a
common PGð3n  1; qÞ: Clearly PGðn  1; qÞgPGð3n  1; qÞ: Now by Theorem
4.2 and the theorem of Barlotti–Panella which asserts that every ovoid of
PGð3; qÞ; q odd, is an elliptic quadric (see [4, 16.1.7]), the egg O is classical, and
so SDQð5; sÞ: &
Theorem 4.3. Let S ¼ ðP; B; IÞ be a TGQ of order ðs; s2Þ; s odd and sa1; with S ¼
TðOÞ and O good at some element PGðn  1; qÞ; s ¼ qn: If S0 is a subquadrangle of
order s of S not containing the point ðNÞ; then SDQð5; sÞ:
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Proof. Let PGð4n; qÞ be the space of TðOÞ; let PGð4n  1; qÞ be the space of O; and
let O ¼ fPGðn  1; qÞ;PGð1Þðn  1; qÞ;y;PGðq2nÞðn  1; qÞg: The point of S0 in-
cident with PGðn  1; qÞ will be denoted by p; and the point incident with PGðiÞðn 
1; qÞ by pi; with i ¼ 1; 2;y; q2n: Further, let PGð3n; qÞCPGð4n; qÞ be skew to
PGðn  1; qÞ; and let y denote the projection of PGð4n; qÞ\PGðn  1; qÞ from PGðn 
1; qÞ onto PGð3n; qÞ:
Let (PGð4n  1; qÞ\PGðn  1; qÞÞy ¼ PG0ð3n  1; qÞ; PGðiÞðn  1; qÞy ¼ pi; with
i ¼ 1; 2;y; q2n; ðt\PGðn  1; qÞÞy ¼ z; with t the tangent space of O at PGðn 
1; qÞ: The tangent spaces at PGðn  1; qÞ of the classical pseudo-ovals on O
containing PGðn  1; qÞ intersect z in ðn  1Þ-dimensional spaces b0; b1;y; bqn : By
Thas [16] the set S ¼ fp1; p2;y; pq2n ; b0; b1;y; bqng is a regular ðn  1Þ-spread of
PG0ð3n  1; qÞ: The point p is a 3n-dimensional space containing t; let
p-PGð3n; qÞ ¼ x: Clearly zCx: With the qn þ 1 lines of S0 incident with p there
correspond qn þ 1 points of x: The set of these points will be denoted by C:
Now we show that there is no n-dimensional space in x which contains an element
of fb0; b1;y; bqng ¼ W and at least three elements of C: Assume such an n-
dimensional space exists. Then there is a 2n-dimensional space which contains
PGðn  1; qÞ; a tangent space at PGðn  1; qÞ of some classical pseudo-oval on O
through PGðn  1; qÞ; and at least three lines L1; L2; L3 ofS0 incident with p: Hence
there is a subquadrangleS00 of order s containing the line PGðn  1; qÞ ofS and the
lines L1; L2; L3: So S
0-S00 consists of s þ 1 lines incident with p; and consequently
PGðn  1; qÞ is a line of S0; a contradiction. The set x\z can be considered as the set
of all points of an afﬁne plane AGð2; qnÞ deﬁned by the regular ðn  1Þ-spread W of
z: By the foregoing C is an oval in AGð2; qnÞ; and as q is odd, by Segre’s theorem C is
a non-singular conic of AGð2; qnÞ:
With the lines of S0 containing pi there correspond the n-dimensional spaces
containing pi and a point of C; i ¼ 1; 2;y; qn: With a point of S0 not belonging to
fp; p1;y; pq2ng and not collinear with p there corresponds a point of PGð3n; qÞ not
belonging to PG0ð3n  1; qÞ,x: With the point pi we let correspond the element
pi; i ¼ 1; 2;y; qn; and we say that ðNÞ is the image of p: Now let M1; M2 be distinct
lines of S0 which are incident with the point z of S0; with zBp; zap; and p not
incident with Mi; i ¼ 1; 2: Let m1; m2 be the corresponding spaces of PGð3n; qÞ; say
piCm1; pjCm2; iaj: Then m1; m2 contain a common point yAC: Let /pi; pjS-z ¼
bk; kAf0; 1;y; sg: Then /y; bkS deﬁnes a line U of the plane AGð2; qnÞ: Assume,
by way of contradiction, that U is not tangent to C at y: So /y; bkS-C ¼
fy; y0g; yay0: Then for any plC/pi; pjS; piaplapj; the spaces m1; m2;/pl ; y0S
correspond to lines ofS0 which are the sides of a triangle, a contradiction. Hence U
is the tangent line of C at y:
The set PGð3n; qÞ\PG0ð3n  1; qÞ can be considered as the set of all afﬁne points of
an afﬁne space AGð3; qnÞ deﬁned by the regular ðn  1Þ-spread S: Let PGð3; qnÞ be
the projective completion of AGð3; qnÞ and let PGð2; qnÞ be the corresponding
projective completion of AGð2; qnÞ: By the foregoing it is clear thatS0 is isomorphic
to the GQ of Tits T2ðCÞ deﬁned by the conic C of PGð2; qnÞ: In particular
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S0DQð4; sÞ: As fp1; p2;y; pq2ng corresponds to an afﬁne plane in the three-
dimensional space containing T2ðCÞ; the set fp; p1; p2;y; pq2ng corresponds to an
elliptic quadric in Qð4; sÞ:
Now we consider p>i -p>j in S0; with iaj: If we identify S0 and Qð4; sÞ; then this
set is a conic of Qð4; sÞ: With this conic there corresponds a conic in the PGð3; qnÞ
containing T2ðCÞ; this last conic contains either 0 or 2 points of the conic C: So in
PGð3n; qÞ the corresponding set is contained in a 2n-dimensional space g; with
g-PG0ð3n  1; qÞ ¼ g0 a ð2n  1Þ-dimensional space which contains qn þ 1 elements
of the spread S: If tk is the tangent space of O at PGðkÞðn  1; qÞ; k ¼ 1; 2;y; q2n;
then it follows that /ti-tj; PGðn  1; qÞS-PG0ð3n  1; qÞ ¼ g0: Hence if %t is any
tangent space of O; with %tat; then the intersections of %t with the other tangent
spaces of O; together with the tangent spaces at the element a of O in %t of the
classical pseudo-ovals on O through PGðn  1; qÞ and a; form a set of q2n þ qn þ 1
ð2n  1Þ-dimensional spaces in %t whose intersections deﬁne a regular ðn  1Þ-spread
in %t: Now it readily follows that a similar result holds for the tangent space t of O at
PGðn  1; qÞ: It follows that any ðn  1Þ-dimensional space in PGð4n  1; qÞ which is
contained in at least three tangent spaces of O is contained in exactly qn þ 1 tangent
spaces of O: Now by 8.7.4 of Payne and Thas [13] we have thatS is isomorphic to a
T3ð %OÞ of Tits for some ovoid %O of PGð3; qnÞ: As q is odd %O is an elliptic quadric by
the well-known theorem of Barlotti–Panella (see 16.1.7 in [4]), and so
SDQð5; sÞ: &
Alternative proof of Theorem 4.3. Now we propose a very short proof of Theorem
4.3 relying on a recent result of K. Thas. By Theorems 3.1 and 2.2 TðOÞ is the
translation dual of the point–line dual of a ﬂock GQ. If PGðn  1; qÞ is the good
element of O; then, by Section 3 of Thas [24] (see also Thas [23]) every point of the
line PGðn  1; qÞ is a base point of the TGQ TðOÞ: One of these base points belongs
to S0: As S0 does not contain the line PGðn  1; qÞ (which is the base point ðNÞ of
the ﬂock GQ), we have SDQð5; sÞ by Theorem 4.2. &
Corollary 4.4. Let S ¼ ðP; B; IÞ be a TGQ of order ðs; s2Þ; s odd and sa1; with
S ¼ TðOÞ and O good at some element PGðn  1; qÞ; s ¼ qn: IfS0 is a subquadrangle
of order s of S; then S0DQð4; sÞ and either SDQð5; sÞ or S0 is one of the s3 þ s2
subquadrangles of order s containing the line PGðn  1; qÞ of S:
Proof. This follows from Theorems 4.1 and 4.3. &
5. Subquadrangles of order s; s odd, of the ﬂock GQ
Theorem 5.1. Let S be a flock GQ of order ðs2; sÞ; s odd, with base point ðNÞ: If S0
is a subquadrangle of order s of S containing the point ðNÞ; then S is a Kantor
semifield flock GQ: Hence S0DWðsÞ and either SDHð3; s2Þ or S0 is one of the
s3 þ s2 subquadrangles of order s containing the point ðNÞ:
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Proof. Let S be a ﬂock GQ of order ðs2; sÞ; s odd, and assume that S0 is a
subquadrangle of order s of S containing the point ðNÞ: As the point ðNÞ is a
center of symmetry it is regular in S (see [11]); so it is also regular in S0: By Knarr
[8], up to an isomorphism, S can be described as follows. Start with a symplectic
polarity y of PGð5; sÞ; s odd. Let ðNÞAPGð5; sÞ and let PGð3; sÞ be a three-
dimensional subspace of PGð5; sÞ for which ðNÞePGð3; sÞCðNÞy: In PGð3; sÞ y
induces a symplectic polarity y0 and hence a GQ WðsÞ: LetW be the BLT-set of the
GQ WðsÞ which corresponds to the ﬂock which deﬁnes S; see Section 2. Then
S ¼ ðP; B; IÞ can be described as follows.
Points are of three types:
(i) the s5 points of PGð5; sÞ not in ðNÞy;
(ii) the s3 þ s2 lines of PGð5; sÞ not containing ðNÞ but contained in one of the
planes pi ¼ pLi with Li a line of the BLT-set W;
(iii) ðNÞ:
Lines are of two types:
(a) the s4 þ s3 totally isotropic planes of y not contained in ðNÞy and meeting some
pi in a line (not through ðNÞ);
(b) the s þ 1 planes pi ¼ pLi with LiAW:
The incidence relation I is just the natural incidence inherited from PGð5; sÞ:
If x is a point ofS; xeðNÞ>; then fx; ðNÞg> consists of the s þ 1 points of type
(ii) in /x; ðNÞSy; and fx; ðNÞg>> is the line /x; ðNÞS of PGð5; sÞ: If x is a point of
S0; then clearly fx; ðNÞg>0 ¼ fx; ðNÞg> and fx; ðNÞg>0>0 ¼ fx; ðNÞg>> (here
‘‘>0’’ denotes collinearity inS0). Now let us consider a three-dimensional subspace x
of PGð5; sÞ which is not contained in PGð4; sÞ ¼ ðNÞy; but which contains one of the
planes pi; iAf0; 1;y; sg: If xyCpi is not a line of type (ii) of S0; then x contains no
line /x; ðNÞS; with x inS0 and xeðNÞ>; if xyCpi is a line of type (ii) ofS0; then x
contains exactly s of the lines /x; ðNÞS with x in S0 and xeðNÞ>:
Consider two distinct lines /x; ðNÞS and /y; ðNÞS of PGð5; sÞ; with x; y points
of S0 not in ðNÞ>: Assume, by way of contradiction, that the common point r of
/x; yS and PGð4; sÞ does not belong to W ¼ p0,p1,?,ps: Let Z be a plane of
PGð4; sÞ through /r; ðNÞS for which Z-W ¼ fðNÞg: Now we consider the three-
dimensional subspace z ¼ /Z; xS of PGð5; sÞ: Clearly ðz\ZÞ,fðNÞg is an ovoid O of
S: Let a be the number of points of O inS0: Each line ofS0 contains just one point
of O; each point of O in S0 is incident with s þ 1 lines of S0; and by Section 2.2 of
Payne and Thas [13] each point of O not inS0 is incident with exactly one line ofS0:
So we obtain:
aðs þ 1Þ þ ðs3 þ 1 aÞ ¼ ðs2 þ 1Þðs þ 1Þ
and so a ¼ s þ 1: As O contains the 2s þ 1 points of /x; ðNÞS,/y; ðNÞS we
clearly have a contradiction. Consequently, the point r belongs to W : Another way
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to see this is to count the number of pairs fx; yg; xay; x and y in
S0; xeðNÞ>; yeðNÞ>; ye/x; ðNÞS; for which /x; yS intersects W :
Next, let P be a hyperplane of PGð5; sÞ containing PGð3; sÞ which does not
contain ðNÞ; and let d be the projection of PGð5; sÞ\fðNÞg from ðNÞ onto P: With
p0; p1;y; ps there correspond the lines L0; L1;y; Ls of the BLT-setW: With the s3
points of S0 not in ðNÞ>; there correspond s2 points of P PGð3; sÞ: The set
having as elements these s2 points will be denoted by V : Each plane of P not in
PGð3; sÞ and containing Li; contains either 0 or s points of this set V ; with i ¼
0; 1;y; s: If x; yAV ; xay; then the line /x; yS has a point in common with
L0,L1,?,Ls ¼ U :
Let bi be any plane containing Li and s points of V ; and let bj be any plane
containing Lj and s points of V ; with iaj: Then /ðNÞ; biSy is a line Mi of pi; and
/ðNÞ; bjSy is a line Mj of pj: Also Mi and Mj are points of type (ii) ofS0: Let Ni be
a line of type (a) ofS0 incident with Mi; and let Nj be a line of type (a) ofS0 incident
with Mj ; where NiBNj: If Ni I z I Nj; then fz0g ¼ /ðNÞ; zS-P ¼ bi-bj and
moreover z0AV :
As a corollary, we have the following: if x; yAV ; xay; then /x; LiS and /y; LjS;
with iaj; intersect in a point of V : Assume that ye/x; LiS; let z be the common
point of /x; LiS and /y; LjS; iaj; and let g ¼ /x; y; zS: In g we now deﬁne
the following incidence structure P ¼ ð %P; %B; IÞ: The pointset %P is ðg-VÞ,ðg-UÞ;
the elements of %B are the intersections of size at least two of %P with lines of the
plane g; the incidence %I is the natural one. It is clear that any two distinct points
of P are incident with exactly one element of %B: From the foregoing two para-
graphs it also follows that any two distinct lines of P are incident with exactly
one element of %P: Further, P contains four points no three of which are collinear
in P: It follows that P is a projective plane of order s0; with GFðs0Þ a subﬁeld of
GFðsÞ:
Next, let x; y; z be distinct points of V ; with /x; ySa/x; zS: If /x; yS-PGð3; sÞ
is on Li and /y; zS-PGð3; sÞ on Lj ; with iaj; then by the preceding paragraph we
have j/x; yS-V j ¼ j/y; zS-V j: Now assume that the plane /x; y; zS contains the
line Li; with iAf0; 1;y; sg: Let uAV \/x; y; zS: Then j/x; yS-V j ¼ j/x; uS-V j ¼
j/z; xS-V j and j/x; yS-V j ¼ j/y; uS-V j ¼ j/z; yS-V j: Hence j/x; yS-V j ¼
j/y; zS-V j ¼ j/z; xS-V j: It easily follows that j/x; yS-V j; with x; yAV and
xay; is independent of the choice of x and y in V : Hence all projective planes which
arise have order s0; with GFðs0Þ a subﬁeld of GFðsÞ:
Let s ¼ ðs0Þn: Now we deﬁne the following incidence structure A ¼ ðV ; B	; I	Þ:
The elements of B	 are the intersections of size at least two of V with lines of the
space P; the incidence I	 is the natural one. ThenA is a 2 ððs0Þ2n; s0; 1Þ design. Any
line A of A is an AGð1; s0Þ and, moreover, A completed with the corresponding
point in U is a PGð1; s0Þ: It follows that any three non-collinear points ofA generate
an afﬁne plane AGð2; s0Þ: If A1; A2 are lines of A in a common AGð2; s0Þ; with A1
and A2 parallel in AGð2; s0Þ; and if A2; A3 are lines of A in a common AG0ð2; s0Þ;
with A2 and A3 parallel in AG
0ð2; s0Þ; then, by the foregoing, the projective
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completions of A1; A2; A3 contain a common point of U and so A1 and A3 are
parallel in a common afﬁne subplane of A: Consequently, by Buekenhout [3], A is
the design of points and lines of an AGð2n; s0Þ:
We now consider the points of U ¼ L0,L1,?,Ls on lines /x; yS; with x; yAV
and xay: There are exactly ðs2  1Þ=ðs0  1Þ such points; each line Li contains ðs 
1Þ=ðs0  1Þ of these points. This subset of U will be denoted by U : If D is a line of
PGð3; sÞ joining a point of Li-U to a point of Lj-U ; iaj; then D contains exactly
s0 þ 1 points of U : Clearly U together with the sublines PGð1; s0Þ contained in U can
be considered as the design of points and lines of the projective space at inﬁnity
PGð2n  1; s0Þ of AGð2n; s0Þ:
Let Li; Lj; Lk be distinct lines of the BLT-set. Further, let Li-U ¼ Li; Lj-U ¼
Lj ; and Lk-U ¼ Lk: Then Li; Lj; Lk are ðn  1Þ-dimensional subspaces of PGð2n 
1; s0Þ: Let D0; D1;y be the ðs  1Þ=ðs0  1Þ lines of PGð2n  1; s0Þ intersecting
Li; Lj ; Lk: Now let RðLi; Lj; LkÞ be the regulus in PGð3; sÞ containing Li; Lj ; Lk: Then
the lines of PGð3; sÞ containing D0; D1;y belong to the complementary regulus R0
of RðLi; Lj; LkÞ:
Let R be any of the s0  2 lines of RðLi; Lj; LkÞ\fLi; Lj; LkÞ intersecting
D0; D1;y :
First, assume that R does not belong to the BLT-set. Then R contains s0 þ 1 points
of U ; and so ðs  1Þ=ðs0  1Þps0 þ 1; that is, sps02: If s ¼ s0; then all points of U are
collinear. Hence, the BLT-set belongs to two linear line complexes of PGð3; sÞ; so the
corresponding BLT-set on Qð4; sÞ belongs to a three-dimensional space. It easily
follows that for any ﬂock arising from the BLT-set, the s planes of its conics all
contain a common point. Consequently S is a Kantor semiﬁeld ﬂock GQ. Next, let
s ¼ s02: In such a case L0; L1;y; Ls are lines over GFðs0Þ and U is the pointset of a
Baersubspace PGð3; s0Þ of PGð3; sÞ: Clearly fL0; L1;y; Lsg is a spread of PGð3; s0Þ:
Let uAPGð3; s0Þ; say uALi: Clearly LiCuy0 ; as Li is a line of WðsÞ: If uy0 contains a
point of PGð3; s0Þ\Li; then s0 þ 1 lines of the BLT-set are concurrent with a common
line of WðsÞ; a contradiction. So uy0- PGð3; s0Þ ¼ Li: Now, we consider three
distinct lines Lj; Lk; Lm of the BLT-set, and let L
0
be a line of PGð3; s0Þ which belongs
to the regulusR of PGð3; s0Þ containing Lj; Lk; Lm: Then the line L0 of PGð3; sÞ which
contains L
0
is a line of WðsÞ: Now let uAL0 and let uALr: By the foregoing
uy
0-PGð3; s0Þ ¼ Lr: As L0Duy0-PGð3; s0Þ ¼ Lr; we clearly have Lr ¼ L0: So
fL0; L1;y; Lsg is a regular spread of PGð3; s0Þ: Hence in PGð3; sÞ there are two
lines M1; M2 which intersect each line of the BLT-set. Consequently, the BLT-set on
Qð4; sÞ which corresponds to the BLT-set of WðsÞ belongs to a hyperbolic quadric,
which is the intersection of Qð4; sÞ with a three-dimensional space. As before we
conclude that S is a Kantor semiﬁeld ﬂock GQ.
From now on we may assume that s4s02 and that the line R always belongs to the
BLT-set. With the BLT-set of WðsÞ there corresponds a BLT-set on Qð4; sÞ: Let
wAE and project from w onto a PGð3; sÞCPGð4; sÞ with Qð4; sÞCPGð4; sÞ and
wePGð3; sÞ: With Qð4; sÞ there corresponds a GQ T2ðCÞ in PGð3; sÞ; C a conic, and
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with E\fwg there corresponds a set E0 of size s in PGð3; sÞ\g; with g the plane of C: If
e1; e2AE0; e1ae2; then /e1; e2S-E0 ¼ J has size s0 and J,ð/e1; e2S-gÞ is a
subline over GFðs0Þ of /e1; e2S: It follows that any ﬂock corresponding to the BLT-
set is a semiﬁeld ﬂock, that is, it follows that the point–line dual #S of S is a TGQ
with any line of S incident with ðNÞ as base point; see [6,10,11,19]. Now, by
Theorem 44 of Thas [24], the ﬂocks corresponding to the BLT-set are Kantor
semiﬁeld ﬂocks, that is, S is a Kantor semiﬁeld ﬂock GQ. Hence, by Theorem 4.1,
S0DWðsÞ and either SDHð3; s2Þ or S0 is one of the s3 þ s2 subquadrangles of
order s containing the point ðNÞ: &
Corollary 5.2. Let S be a flock GQ of order ðs2; sÞ; s odd, with base point ðNÞ: If the
net NðNÞ defined by the regular point ðNÞ of S contains at least one proper subnet
having the same degree as NðNÞ; then S is a Kantor semifield flock GQ:
Proof. This follows from Theorem 5.1 combined with Theorem 2.1 of Thas [22]. &
6. Remaining cases
The authors are busy investigating the following remaining cases:
(a) Let S be a ﬂock GQ of order ðs2; sÞ; s odd, with base point ðNÞ: Determine all
subquadrangles of order s not containing ðNÞ:
(b) Let S be a TGQ of order ðs; s2Þ; s even, with base point ðNÞ: Determine all
subquadrangles of order s containing ðNÞ:
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